The stability of motion of attitude maneuvers of a torque-free rigid gyrostat with a discrete damper is investigated. The equations of motion are presented and non-dimensionalized, then rewritten as a singularly perturbed, noncanonical, Hamiltonian system. Conditions for equilibrium motions and for their stability are developed. Bifurcation diagrams are used to illustrate the stable and unstable branches of steady spins, and these bifurcation diagrams are interpreted in the slow state space of the rotor momenta and the unperturbed system Hamiltonian. Numerical integration is used to compute representative momentum transfer trajectories, which are also interpreted as projections onto the slow state space. We are especially interested in identifying regions of phase space through which momentum transfer maneuvers might reasonably be expected to succeed, but which are destabilized by the presence of the damping mechanism.
Introduction
Asymptotic stability of steady spins of satellites depends on the effective use of energy dissipation to damp out coning motions caused by perturbing torques. It is also important to consider the effects of energy dissipation on the stability of motion during large-angle rotational maneuvers.
A thorough investigation of the stability of steady spins of rigid bodies and of rigid gyrostats including "energy sinks" and discrete dampers is presented by Hughes. 1 A recent paper by Chang et 1 Presented as Paper 97-0107 at the 35th Aerospace Sciences Meeting, Reno, NV, January 6-10, 1997. This paper is declared a work of the U.S. Government and is not subject to copyright protection in the United States. 2 Assistant Professor of Aerospace Engineering. Associate Fellow AIAA.
al. 2 gives an excellent overview of the types of damper mechanisms used in spacecraft, with ref-
erences to papers on the various types. In an earlier paper, 3 we obtained some new results on the bifurcations in stability that occur for a rigid body with a discrete damper situated in a principal plane and aligned parallel to the nominal spin axis (the major axis). The purpose of the present paper is to present the results of applying similar analyses to the motion of a rigid body containing several flywheels that are used to absorb perturbing torques (i.e., reaction wheels) or to reorient the platform (i.e., momentum wheels). The study of the rotational maneuvers of spacecraft with a single rotor has received much attention in the literature, with important results given in Refs. [4] [5] [6] [7] and 8. The effects of a torsionally flexible appendage were included in Ref. 9 . For multiple rotors, there are fewer results, but some work has been published in Refs. 6, 10, and 11. In this paper, the momentum transfer analyses developed in Refs. 12, 13, and 14 are extended to include the effects of the discrete damper.
Model and Equations of Motion
The model we study is shown in Fig. 1 , consisting of a rigid body, B, containing N rigid axisymmetric rotors, R j , and a mass particle P, which is constrained to move along a lineñ fixed in B.
The particle is connected to a linear spring and a liner dashpot damper. The reference axesb i are fixed in the body, but are not necessarily the system principal axes when P is in its rest position x = 0 . All vectors and tensors are expressed with respect to the body frame. This is a reasonable model for a spacecraft with momentum wheels and a "ball-in-tube" type damper. It is also a reasonable model for approximating the motion of a spacecraft with a flexible appendage when only the first vibrational mode of the appendage is of interest. In the former case the mass of the particle would typically be a small fraction of the total mass, whereas in the latter case, the mass fraction may be more significant.
The dimensional equations of motion are developed following Hughes, 1 and nondimensionalized as in Chinnery and Hall. 3 The system linear and angular momentum are denoted by p and h , respectively. (The superscript is used to denote dimensional quantities; we nondimensionalize the equations below.) The linear momentum of the particle in the n direction is p n , and the relative position and velocity of the particle in the n direction are x and y . The angular velocity of the body frame is ! , and the velocity of the point O is v o . The j th rotor, R j , has axial angular momentum h sj = I sj ! sj relative to the platform, and is subject to an axial torque g aj applied by the platform. Collectively, these are denoted h s and g a . The position vector from O to P is r p = b + x n, where b is a vector from the point O to the undeformed position of the particle, n is a unit vector in the direction of travel of the particle, and x is the deflection of the particle.
The mass of the particle is m p , and the total mass is m . The first and second moments of inertia with respect to O are c and I . The moment of inertia matrix depends on the location of the mass particle. The symbol I o denotes the moment of inertia when the particle is in its nominal position (x = 0 ). The spring has stiffness k , and the dashpot damper has damping coefficient c d .
Dimensional Equations of Motion
In terms of these variables and parameters, the equations describing torque-and force-free motion are:
The superscript denotes the skew-symmetric matrix form of a vector.
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Dimensionless Equations of Motion
To nondimensionalize, we scale the variables and parameters as follows: 
The dimensionless moment of inertia matrix is 
Perturbed Hamiltonian System
When " = 0, these equations reduce to the equations for a rigid N-rotor gyrostat (of dimension 3 + N), for which Eq. (21) is a noncanonical Hamiltonian system. 15 Therefore the equations of motion may be rewritten as a perturbation from the simple gyrostat equations as _ h = h rH o + "f 1 h; h a ; p n ; x ; "
" _ p n = ,c d p n , "kx + "f 2 h; h a ; p n ; x ; " (30) " _ x = p n + "f 3 h; h a ; p n ; x ; " 
and J o = Jk "=0 . The " = 0 version of these equations has been investigated in Refs. 13 and 14.
Remark on Numerical Results
All of the simulations illustrated in this paper were performed using MatLab 16 and Shampine and
Reichelt's integration subroutines. 17 Two "tests" were used to verify accuracy of the numerical integrations. First, we checked to see that the angular momentum magnitude remained constant.
Second, we integrated the differential equation for the total energy, and compared the result with the computed time history of the total energy. In both cases, the errors were consistent with the numerical accuracy properties of the integration subroutine used (ode45).
Equilibrium Motions
There are several possible equilibrium motions for the system described by Eqs. (21-24). In this paper we restrict our attention to those equilibria for which the damper is motionless; i.e., x = 0 and p n = 0. For these variables to remain zero, Eq. (24) also implies y = 0. Thus from the definition of y, one of the following conditions must hold:
That is, either the angular velocity is parallel to the b axis, or the angular velocity is in the plane spanned by b and n (assuming that b and n are not parallel).
In addition, Eq. (21) implies that, for equilibrium, one of the following conditions must hold:
With y = 0, the latter condition is equivalent to !jjh, which is the usual condition used in determining rigid body equilibria, and has been used elsewhere to compute equilibria for gyrostats (cf. Hughes 1 ). The former condition, m = J o ! = 0, is of particular interest, because it is precisely the condition of a stationary platform, where all the angular momentum is in the rotors. Below, we will use this condition to investigate momentum transfer maneuvers which remain near this set of equilibria.
In the following section, we discuss some basic momentum transfer ideas for gyrostats without dampers. This is followed by a detailed treatment of an axial gyrostat with a damper aligned with the rotor axis.
Momentum Transfer for Gyrostats
Here we recall some results on momentum transfer in gyrostats (Refs. 8, 15, and 12). We assume that the control torques g a are small, and may be expressed as g a = , where j j 1, and the elements of are O1 or smaller. With the additional assumption that the elements of are constant, the method of averaging allows the approximate reduction of the N + 3 equations of motion [Eqs. (28-29), with " = 0 ] to a single first-order differential equation for the slow evolution of the Hamiltonian. Furthermore, the g a = 0 branches of stable equilibria in the two-dimensional space spanned by H and the slow time = t are integral curves of this averaged equation. The implication of these results is that constant-torque momentum transfer maneuvers which begin near a stable g a = 0 equilibrium will remain near the corresponding branch of stable equilibria until the stability properties of that branch change (i.e., until a bifurcation occurs).
For N 2, it is possible to interpret trajectories visually in the slow state space spanned by H and h a . In the following sections, we illustrate this by showing how to interpret the instability that can occur during maneuvers of single-rotor gyrostats with discrete dampers. We also demonstrate the so-called stationary-platform maneuver for gyrostats with N 2.
Axial Gyrostat with Aligned Damper
We consider the relatively simple case of a single-rotor, axial gyrostat with N = 1, with rotor axis a = b 1 . To further simplify the problem, we align the damper parallel to the rotor spin axis 
Unperturbed Bifurcation Diagram
For " = 0 , the momentum transfer dynamics of the axial gyrostat are well-established. and i 2 , respectively.
Perturbed Bifurcation Diagram
When " 6 = 0, the U branch is changed, and does not correspond to a branch of equilibria with x = 0 = p n , since any angular velocity about the b 2 axis induces a deflection in the damper mass [cf. Eq. (36)]. Since we are only interested in the equilibria for which x = 0 = p n , we do not compute the new U branch here. The T branch is also changed, per Eq. (35), and for h a 6 = 0 does not satisfy the x = 0 = p n requirement, so we do not compute the new T branch.
The O and P branches hold the most interest here. That is, even though there are several relative equilibria for this system, the most useful equilibria are the steady spins about the b 1 axis, defined by h; h a ; p n ; x e = 1; 0; 0; h a ; 0; 0. The stability of these steady motions is of interest, and clearly depends on the value of h a as well as the system parameters. From the symmetry of the problem (as evident in Fig. 3) , we need only consider the h 1e = +1 case. 18 We develop the 
where = h a , 1. The bifurcation diagram based on the first criterion is shown in Fig. 4 ; note that this does not take into account the spring stiffness. In the figure, the dashed lines denote unstable equilibria, the solid lines denote asymptotically stable equilibria, and the dot-dashed lines denote equilibria whose stability characteristics are determined by Eq. (40). The first of the two bifurcation points along the P branch persists (marked with ), but past the first bifurcation (for h a 0), the P branch is unstable. By symmetry the O branch is unstable past the first bifurcation for h a 0.
Some specific cases are of interest. When = ,1 (h a = 0 ), it is straightforward to show that these are the familiar criteria for the spinning rigid body with a damper parallel to the spin axis. p n , and x all approach 0 asymptotically (they are in the stable manifold), h 1 must approach 1 asymptotically to preserve the integral. If the initial conditions are sufficiently near the equilibrium, then h 1 must approach +1. Thus linear asymptotic stability implies nonlinear asymptotic stability. Of course, the equilibria are not necessarily globally stable. In particular, for small values of h a , both the O and P branches are asymptotically stable. This is similar to the two asymptotically stable steady spins of a "quasi-rigid" body in different senses about the major axis.
Stable Momentum Transfer
In Figs. 5-7, we use the h a H plane to illustrate two stable momentum transfer maneuvers. In both maneuvers, the parameters b = 1 and k = 0 :36 are chosen, satisfying Eq. (41). In the first maneu-ver, the initial conditions (starting at in the h a H plane) are h = 0 :9206; 0:2762; 0:2762; h a = 1; p n = 0 ; x = 0 , and the torque is g a = ,0:05. The maneuver time is 20 seconds (dimensionless), so that the rotor momentum goes from h a = 1 to h a = 0 . Note that the trajectory moves from right to left in the figure, since _ h a 0. This maneuver corresponds to despinning the rotor and spinning up the platform.
In the second maneuver, the initial conditions (starting at in the h a H plane) are h = 0 :9206; 0:2762; 0:2762; 0; p n = 0; x = 0, and the torque is g a = 0:05. Again the maneuver time is 20 seconds. This maneuver corresponds to spinning up the rotor and despinning the platform.
Both maneuvers are inherently stable, and as shown in Figs. 6 and 7, the states do asymptotically approach the equilibrium. In the first trajectory, continued momentum transfer would eventually reach the instability associated with and the corresponding pitchfork bifurcation. In the second trajectory, continued momentum transfer would increase and the trajectory would remain stable, asymptotically approaching the equilibrium state. In either case, continued numerical integration of the trajectory with g a = 0 leads to asymptotic stability of the corresponding equilibrium point on the O branch.
Unstable Momentum Transfer
As noted above, there are at least two ways that an instability can occur. One is that k can be less than the critical value defined by Eq. (41), in which case an instability occurs when = h a , 1 becomes less than the value defined by Eq. (40). The other is when a momentum transfer maneuver is attempted that passes through the critical value of . In Figs. 8-10, we illustrate two different unstable momentum transfer maneuvers. The first trajectory corresponds to identical initial conditions and system parameters as the first trajectory in Figs. 5-7 (starting at ). The only difference is that here the momentum transfer is allowed to continue for 40 seconds, so that passes through , illustrating the fundamental instability that the spring stiffness cannot stabilize.
The second trajectory uses the same initial conditions as the second trajectory in Figs. 5-7 (starting at ), but the stiffness, k, is taken to be less than the value required for stability at h a = 0 = ,1. we use a smaller internal torque, g a = 0:01, so that the instability has time to grow before the rotor stabilizes the motion. The momentum transfer time is 100 seconds. The figures illustrate the initial divergence of the trajectory, followed by an asymptotic approach to the equilibrium branch (cf. Fig. 5 ). Note especially the large departure of the the damper mass in Fig. 10 , and how the growth in x reverses at t 50 as expected (t = 5 0 , h a = 0 :5).
These examples serve to illustrate the effect of the damping mechanism on the success of certain spinup maneuvers for the axial gyrostat. In addition, the internal torque could be thought of as responding to the influence of external torques, as in the use of reaction wheels. From the definition of k in Eq. (10), it is evident that an increase of the angular momentum has the effect of decreasing the dimensionless stiffness. Thus, the limits imposed by the stability criteria in
Eqs. (39-40) could also be used to determine the requirement for momentum unloading operations.
"Stationary-Platform" Maneuver
In this section we develop the concept of "stationary-platform" maneuvers for multi-rotor gyrostats. This class of maneuvers was previously reported for two-rotor gyrostats in Ref. 13 . For two-rotor gyrostats, only a limited set of orientation changes is possible since the momentum of the rotors is confined to a plane. For three-rotor gyrostats, however, any orientation change is possible, provided that the wheels' saturation speeds are sufficiently large and that the wheels are not coplanar. The issue of saturation speeds was investigated in Ref. 20 .
In the previous section, we showed that the stationary-platform equilibrium is asymptotically stable for all physically realizable system parameters, for the special case of the axial gyrostat 
The latter condition defines an ellipsoid in the N-dimensional h a space. The initial and desired final stationary-platform equilibria define two points on this ellipsoid. The spinup torques g a are chosen such that the condition on h a is satisfied throughout the maneuver. Differentiation of Eq. (42) with respect to time shows that any g a which is orthogonal to A T Ah a will yield such a maneuver. Thus the torque vector g a = must lie in the tangent space of the ellipsoid. For the N = 2 case, the ellipsoid is a simple ellipse, and the trajectory in h a space simply traces the ellipse. For the N = 3 case, there are infinitely many choices for the trajectory, since there are infinitely many curves connecting any two points on the ellipsoid.
One choice would be to take a geodesic which connects the two points, but this leads to complicated calculations and usually the ellipsoid will be nearly spherical. Therefore we choose to For comparison, Fig. 12 shows the results of a constant torque maneuver from the initial to final values of rotor momentum. The torque magnitude is = 0 :0293, chosen so that the maneuver takes the same time as the stationary-platform maneuver. The trajectories in h space are similar, but the particle deflection is two orders of magnitude greater than in the stationary-platform case.
In Fig. 13 , we show a comparison of the magnitude of the angular velocity vectors for the two maneuvers, as well as the angle between the angular momentum vector and the desired angular momentum vector. For the constant torque maneuver, the angular velocity reaches 0:6 rad/s, whereas for the stationary-platform maneuver, the maximum angular velocity magnitude is 0:1 rad/s. Note that if a pure eigenaxis rotation is used for this maneuver, the angular velocity would be about 0.035 rad/s, and that the average value for the stationary-platform maneuver is about 0.051 rad/s. Thus the stationary-platform maneuver is a simple approximation to an eigenaxis maneuver.
Conclusions
The combination of a discrete damper and a set of flywheels has significant effects on the motion of an otherwise rigid satellite. The system of equations describing the motion of such a satellite model is a perturbation of a non-canonical Hamiltonian system, and the underlying Hamiltonian structure is useful for understanding the dynamics. For the specific case of a single-rotor gyrostat with rotor and damper aligned with the major principal axis, it is possible to obtain explicit stability criteria that can be used in damper design, or in planning of momentum unloading op- 
